We develop a dynamic stochastic optimization model with oil price shocks to show that countries with certain combinations of oil endowment and productivity have strong precautionary incentives to accumulate foreign reserves in response to oil price shocks. Using the Simulated Method of Moments to estimate the model we demonstrate how oil price shocks are absorbed by changes in foreign reserves which, in turn, leads to less variation in aggregate consumption. Along with productivity and oil endowment, we also consider as determinants of reserves holding conventional variables such as trade-to-GDP ratio and capital openness. Overall, our results suggest that productivity and oil endowment are potentially important determinants of foreign reserves that for some countries should be considered as complements to conventional determinants. 
Introduction
We attempt to contribute to the literature on foreign reserves as a precautionary asset by focusing on a particular type of economic shocks -shocks to the price of oil. In doing so we unveil how oil price shocks may help explain different levels of foreign reserves across countries with different combinations of oil endowment and productivity.
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The starting point for our study is to observe that countries with high productivity but little oil endowment, countries such as Japan and Switzerland, typically rely heavily on oil imports. By contrast, countries with low productivity but abundant oil endowment, countries such as Russia and Mexico, typically rely heavily on oil exports. These countries can be described as having a poor match between productivity and oil endowment and, ceteris paribus, should be more vulnerable to oil price shocks and, as a result, should accumulate more foreign reserves out of precautionary motives.
2 By the same token, countries that can be described as having a good match between productivity and oil endowment, i.e. countries with either high productivity and abundant endowment or countries with low productivity and scarce endowment should, ceteris paribus, be less vulnerable to oil price shocks and hence accumulate relatively fewer foreign reserves due to weaker precautionary motives.
We use these observations to motivate and develop a dynamic stochastic optimization model with the following key characteristics. Countries differ in productivity and oil endowment. Oil and labor are the two inputs in production. The price of oil is subject to random shocks, and countries accumulate foreign reserves in order to smooth aggregate consumption against oil price shocks. The resulting model is estimated via the Simulated Method of Moments (SMM). The estimation is facilitated by the partial effects of oil endowment and productivity on the reserves-to-GDP ratio for oil-rich and oil-poor countries, respectively.
We obtain these partial effects from fixed effect regressions using panel data of 54 countries spanning the 1993-2003 time period and we include in this regression more traditional explanatory variables for reserves accumulation as considered by previous studies.
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Our results suggest that the simulated moments match the partial effects of productivity and oil endowment well. Furthermore, the model quantitatively matches the average reserves-to-GDP ratio and the oil trade pattern observed in the data. The quantitative performance is robust to alternative assumptions regarding interest rate and international borrowing limit. Using the estimated model, we demonstrate how oil price shocks are absorbed by changes in foreign reserves which, in turn, leads to a low(er) coefficient of variation of aggregate consumption.
Using the estimated model, we evaluate the relative importance of precautionary demand for foreign reserves against oil price shocks for 112 economics in the world. We further show how the explanatory power of productivity and oil output for foreign reserves differ across countries. Importantly, our results suggest that the explanatory power of oil endowment and productivity in regards to foreign reserves-to-GDP ratio is so pronounced that for these countries it is insufficient to rely on traditional explanatory variable when analyzing foreign reserves. For countries where foreign reserves are not well explained by productivity and oil output, our results suggest that conventional variables such as trade-to-GDP ratio and capital openness are appropriate predictors of foreign reserves.
The notion of using foreign reserves to smooth consumption is in line with early work by Clark (1970) and Heller (1966) in which the cut of consumption expenditure is seen as the cost of reserve depletion. It is also in line with more recent contributions that emphasize the role of foreign reserves as a buffer against both internal and external economic shocks (e.g. Durdu 2009 , Durdu et al. 2009 , Fogli and Perri 2015 , Jeanne and Rancière 2011 , Mendoza et al. 2009 . A common characteristic of the modeling approach of existing studies is their use of various shocks that lead to the manifestation of the precautionary savings motive in the form of an adjustment in the holding of reserves. An innovation of our work is to demonstrate that a different type of exogenous shocks, namely oil price shocks , is for certain types of countries an important driver of precautionary demand for foreign reserves and, furthermore, that the relative importance depends on the match between productivity and oil endowment of a given country. Since our results suggest that the level of foreign reserves (relative to GDP) depends on the match between productivity and oil endowment thus it differs across countries, we also indirectly add to the literature on the optimal level of foreign reserves.
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Overall, our study is novel in proposing that oil price shocks, productivity, and oil endowment matter for holdings of foreign reserves. Importantly, since we find that oil price shocks have a salient effect on foreign reserves only for countries characterized by certain combinations of productivity and oil endowment, we emphasize that while our study offers a new and potentially important complementary insight to the literature on foreign reserves it does not refute any existing insights.
The rest of the paper is organized as follows. Section 2 develops the model and details the mechanisms that relate foreign reserves to oil price shocks, oil endowment and productivity.
Section 3 describes the quantitative analysis and the SMM estimation. Section 4 assesses the explanatory power of oil endowment and productivity with respect to the reserves-to-GDP ratio. Section 5 concludes.
The Model
This section describes a dynamic optimization model in which a country holds foreign reserves to smooth its aggregate consumption in response to oil price shocks.
Production
The model is formulated in discrete time with time denoted by subscript t. 5 Each country uses two inputs, labor L t and oil X t , to produce a final good, Y t . 6 Labor supply is assumed to be inelastic. The production function takes the following Cobb-Douglas form:
The seminal work by Triffin (1960) suggests that optimal reserves levels are such that a country should maintain foreign reserves amounting to 20 to 30 percent of total imports. 5 For simplicity we omit the country subscript i until the quantitative analysis. 6 In principle, X t represents the composite of all natural resources used in production. However, in light of the importance of oil in modern production and the dramatic oil price volatility, we focus our interpretation of X t on oil in our model description as well as in our quantitative analysis.
where α < 1 is the share of oil in production and A t is the productivity with respect to the efficiency of converting oil into the final good. Output per capita is thus a power function of oil input per capita:
We abstract from capital for ease of exposition. However, since productivity is assumed to be country-specific, A t can be interpreted as a combination of conventional total factor productivity (TFP) and capital intensity. Productivity is increasing in both TFP and capital intensity, thus industrialized countries exhibit higher productivity in our model.
Budget Constraint
In each period, a country is endowed withx units of oil per capita. 7 For a given country, the input of oil x t (referred to as "oil consumption") can be written as
where im denotes imports. When a country exports oil, x im t is negative. In each period, the budget constraint is
where s t is the stock of foreign reserves in period t, S ≤ 0 is the borrowing limit, p t is the price of oil, and r is the interest rate that satisfies
i.e. we allow the borrowing rate to differ from the lending rate.
In this model economy GDP is defined as
7 We assumex to be time-invariant.
For an oil-importing country, since oil is the intermediate good used in production, GDP is the difference between total final good production and the value of imported oil, p t x im t . Similarly, for an oil-exporting country, GDP is the sum of final good production and oil exports, −p t x im t . The price of oil is stochastic. In Equation (4), random shocks to p t causes volatility of the p t x im t term, thereby creating consumption volatility. The change in reserves, s t −s t+1 /(1+r), is used as a buffer against such price shocks in order to mitigate consumption volatility.
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The precautionary demand for reserves also depends on a country's borrowing limit S.
The borrowing limit is specified as a fraction of GDP, i.e.
with s ≤ 0. In the case of s = 0, no borrowing is allowed.
The Country's Optimization Problem
A country, or its representative household, maximizes the discounted sum of expected utility.
Let β be the discount factor and E be the expectation operator, the optimization problem
subject to equations (4)-(7). Here u(c t ) is the utility from consuming c t units of final good.
The expectation is taken with respect to future consumption which is stochastic due to oil price shocks.
The optimization problem involves both inter-temporal and intra-temporal allocations.
Intra-temporally, the country determines how much oil to import/export. Inter-temporally, the country determines the amount of future foreign reserves, s t+1 , to hold.
When the borrowing constraint is not binding, the first order condition with respect to 8 To illustrate, when oil price is relatively high, oil-importing countries run down reserves to smooth consumption while oil-exporting countries increase their stock of reserves. Reverse operations occur when oil price is relatively low. The persistence of oil price shocks matters in the sense that more persistence implies higher precautionary demand for foreign reserves.
oil imports leads to the following equation:
Using oil-importing countries as the example, Equation (9) states that the marginal cost of importing one unit of oil, p t , should equal the marginal benefit which is the marginal product of oil.
Equation (9) can be rewritten as
thereby illustrating that the reliance of a country on oil imports/exports has three determinants: oil endowmentx, productivity A, and oil price p t .
An important implication of Equation (10) is that oil-rich countries are not necessarily oil-exporting countries, and vice versa. For example, when oil price is sufficiently high, countries with low oil endowment will be oil exporters. In the quantitative analysis (Section 3), we present the data pattern of oil-trading for countries with different combinations of oil endowment and productivity and, in turn, use this pattern along with other data moments to identify the model parameters.
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When the borrowing constraint is binding, the intra-temporal optimization leads to the following corner solution:
i.e. a given country depletes its reserves and borrows to the limit on the international financial market in order to import oil.
Turning to the inter-temporal part of the optimal allocation problem, foreign reserves for the next period, s t+1 , are chosen such that the marginal utility of consumption satisfies the following first-order condition:
9 Table A2 shows, not surprisingly, that most oil-rich countries are net exporters of oil while most oil-poor countries are net importers.
which holds as an equality when a country has sufficient foreign reserves. This first-order condition requires the smoothness of consumption across periods, where the smoothness depends on the curvature of the utility function (to be estimated in Section 3).
The precautionary purpose of foreign reserves can be seen from the budget constraint and Equations (10)- (12). For oil-poor countries, the smoothness of consumption depends on the sufficient provision of oil for final good production. Most of the oil-poor countries are oil importers. Among them countries with relatively more oil endowment are less reliant on imports, hence have less demand for reserves, and countries with relatively higher productivity have stronger appetites for and thus reliance on imports, hence higher demand for reserves.
For oil-rich countries, aggregate consumption can partly be funded by proceeds from oil exports, thus foreign reserves serve as the buffer stock against negative oil price shocks. Most of the oil-rich countries are oil exporters. Among them countries with more oil endowment rely more on exports, hence need additional foreign reserves, and countries with higher productivity can instead choose to allocate more oil to the production of final good when oil price is low, thus need fewer foreign reserves.
Recursive Representation and Stationarity
For the quantitative analysis of the next section, it is convenient to rewrite the model recursively. Let V (s, p, A,x) be the value function defined on the state vector consisting of current foreign reserves s, oil price p, productivity A and oil endowmentx, it then satisfies the following functional equation:
subject to the budget equation (4),the borrowing constraint (5), and the exogenous oil price process (to be specified in the Section 3).
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We adopt the commonly used CRRA utility function:
10 Note that subscript t is omitted and t + 1 is replaced by primes.
where γ is the curvature parameter that determines the degree of relative risk aversion of a country.
In reality, productivity increases over time due to, for example, technological progress.
This, in turn, endogenously generates non-stationary output, consumption and foreign reserves holdings. Oil price will also be non-stationary if productivity grows over time. Because of the infinite horizon of the model, before the model can be estimated we analytically transform it into a stationary form by re-scaling the affected variables. Appendix A provides details regarding the re-scaling of the variables and the computation of the model.
Quantitative Analysis
The quantitative analysis is carried out in three steps. First, the partial effects of oil endowment and productivity on foreign reserves are estimated empirically. Next, using these estimated partial effects along with key data moments, the structural model is estimated via the SMM. Third, based on the structural model estimates, the link between oil price and foreign reserve holdings conditional on combinations of oil endowment and productivity is further examined.
Partial effects of Oil Endowment and Productivity
To estimate the partial effects of oil endowment and productivity on the reserves-to-GDP ratio, we run fixed effect regressions using a panel of 54 countries spanning the 1993-2013 time period. As control variables we include an expansive set of variables typically considered as possible determinants of foreign reserves.
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We use annual oil production per capita to proxy for oil endowment of a country. 12 We split the sample into oil-rich and oil-poor countries according to the median oil consumption in the sample which is 4.58 barrels per capita per year. The split is consistent with the idea that the reliance on oil imports/exports depends on the size and the sign of the gap between 11 Appendix B discusses the data and reports summary statistics in Table A1 . 12 This measurement of oil endowment is preferable relative to proven oil reserves because the former reflects oil endowment that is currently available and extractable.
oil endowment and oil consumption (as suggested by Equation (3)).
The following empirical model is estimated for both oil-rich and oil-poor countries:
where (Reserves/GDP ) i,t is the reserves-to-GDP ratio for the i th country in year t and OilOutput i,t is the oil output per capita. Z i,t is a set of variables traditionally considered as determinants of foreign reserves, and η i is the country fixed effect.
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P roductivity i,t is calculated from the time series data on oil consumption and aggregate output for each country separately. The calculation procedure is detailed in Appendix C.
The productivity measure has a mean value of 895.4 and a median of 624.2. Note that traditional measures of productivity, such as the Solow residual or labor productivity as calculated by the OECD, do not treat natural resources as an input in production, hence they are not applicable to our context.
The variables in Z i,t include those related to a country's trade dependence, internal and external economic conditions, capital openness, and exchange rate volatility. Three traderelated measures are included in the regressions -the ratios of total trade, imports, and agricultural imports to GDP, respectively. To capture the influence of a country's internal and external economic conditions we include in our regressions GDP growth rate, M 2 -to-GDP ratio, FDI-to-GDP ratio, short-term debt, the Chinn-Ito index (as a proxy for the degree of capital openness), and export volatility.
14 Table 1 reports the regression results. Among oil-poor countries, oil production has a significantly negative effect on foreign reserves. An increase in oil production by 1 barrel per person per year is associated with a decrease in the reserves-to-GDP ratio by 2.46%. By contrast a productivity increase of 1 unit (i.e. 0.112% of the mean value of productivity)
is associated with a reserves-to-GDP ratio increase of 0.008%. Both effects are statistically 13 We use the reserves-to-GDP ratio rather than the reserves level to control for scale effects. The transaction motive for holding foreign reserves, as noted in Eaton and Gersovitz (1980) and Edwards (1984) , suggests that bigger economies need more foreign reserves. For similar reasons, covariates such as trade and money supply are all measured relative to GDP. 14 The Chinn-Ito index was introduced by Chinn and Ito (2006) , and is available at http://web.pdx.edu/ ito/Chinn-Ito_website.htm.
significant.
Among oil-rich countries, the effects of oil production and productivity on the reservesto-GDP ratio are also significant, but the signs are changed. More specifically, an increase in oil production by 1 barrel per person per year is associated with an increase in the reserves-to-GDP ratio of 0.4%. This effect is smaller (in absolute terms) than that of the oil-poor countries. Similarly, a productivity increase of 1 unit is associated with a decrease in the reserves-to-GDP ratio of 0.048%, i.e. for oil-rich countries, productivity has a stronger partial effect on the reserves-to-GDP ratio compared to that of oil-poor countries (in absolute terms).
These partial effects, denoted θ OilOutput (oilpoor), θ P roductivity (oilpoor), θ OilOutput (oilrich), and θ P roductivity (oilrich), respectively, are the main moments used to identify the parameters of the structural model.
The regression coefficient estimates of other covariates are unsurprising and generally consistent with standard theories.
SMM Estimation
We use the SMM to estimate the set of parameters (β, γ, s) in the structural model. The importance of β and γ is well understood in the precautionary savings literature. 15 Clearly, borrowing capacity s is also important. Intuitively, if borrowing capacity is sufficiently large, a country can always resort to borrowing to keep its consumption smooth and, hence, would need less foreign reserves. 
Estimation Procedure
To implement the SMM, we define the distance between model moments and data moments as follows:
where M model and M data are column vectors of model moments and data moments, respectively, and W denotes the weighting matrix which is the inverse of the variance matrix of the data moments.
We repeat the following standard procedure until the distance is minimized: (1) Choose a set of values for (β, γ, s), and solve for the policy functions of the dynamic programming problem as specified in section 2.4; (2) Use the policy functions to generate time series of reserves, oil imports, consumption, and final good; (3) Compute model moments from the simulated data. (4) Calculate the distance between model moments and data moments.
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Seven moments are are used to identify the parameters of interest (β, γ, s). These moments are reported in column (1) of Table 2 along with their standard errors.
The first moment is the average reserves-to-GDP ratio. This moment is informative on γ, since a larger γ leads to stronger precautionary demand for foreign reserves. The moment is also informative on s since, ceteris paribus, a larger borrowing capacity is associated with a smaller reserves-to-GDP ratio (and vice versa).
The second and third moments pertain to the oil trade pattern in the data. As Table 2 shows, the estimated fraction of oil-poor countries that import oil, P rob(import|oilpoor), is 0.89, while the estimated the fraction of oil-rich countries that import oil, P rob(export|oilrich), is 0.92. As shown in Equation (9)- (10), given a country's productivity and oil endowment, oil trade depends on oil price, foreign reserves holdings and borrowing limit, hence oil trade pattern is itself a function of our structural parameters.
The remaining four moments are θ OilOutput (oilpoor), θ P roductivity (oilpoor), θ OilOutput (oilrich), θ P roductivity (oilrich). The data moments are estimated in section 3.1. The corresponding model moments are estimated using the simulated data. Specifically, countries are split into oil-poor and oil-rich groups as per their oil output. For each group the reserves-to-GDP ratio is calculated based on the simulated data and, subsequently, regressed on oil output and productivity to obtain the partial effects. Results of these regressions are obviously sensitive
to the values of structural parameters.
We use the inverse of the variance matrix of the data moments as our weighting matrix.
This diagonal matrix puts more weight on moments with smaller standard deviations. It is efficient since moments with more precise measurement are emphasized. Asymptotically the distance metric £ follows a χ 2 distribution with four degrees of freedom (7 moments minus 3 parameters).
Calibrated Parameters
We calibrate directly from the data a number of parameters and exogenous processes to be used in the structural estimation.
The share of oil in production, α, is set to 0.265. This is based on the relation between output growth and crude oil consumption growth across major economics, as described in
The return on foreign reserves is assumed to be r asset = 0.02. This is roughly consistent with the average return of the set of assets commonly used as foreign reserves detailed in Appendix D.
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Interest rates on international borrowing, r debt , is set to 0.05. This is defined as the real interest rate associated with sovereign international borrowing. To ensure robustness of our findings we also implement alternative borrowing rates of 0.075 and 0.10, respectively. The quantitative results are very similar regardless of choice of borrowing rate.
Oil price is assumed to be exogenous, and described by an AR(1) process:
where t+1 is the random shock drawn from a normal distribution.
Since one period in the model corresponds to one year, the process is estimated using annual oil price between 1981-2014, based on the price index of crude petroleum which is the equally weighted average of UK Brent (light), Dubai (medium) and Texas (heavy). 19 The persistence parameter ρ and the standard deviation of are 0.730 and 0.217, respectively. The process is approximated with a three-state first-order Markov chain using the discretization procedure developed in George and Hussey (1991 
Estimation Results
The parameter estimates and their standard errors are reported in Table 3 . As the first column of the table shows, the (annual) discount factor and the coefficient of risk aversion are estimated to be 0.977 and 1.646, respectively. These estimates are well within the normal range. 21 The borrowing limit estimate is s = −0.599, i.e. the model performs the best if each country is allowed to borrow up to about 60% of its respective GDP. While the estimates of β and γ are statistically significant, the estimate of s is insignificant. The insignificance of the borrowing limit is less surprising considering that the borrowing constraint is rarely hit in the simulated data and, consequently, difficult to identify.
To assess the sensitivity of the model with respect to borrowing capacity, we subsequently set s = −0.4 (denoted "tight credit") and s = −0.8 (denoted "loose credit"), respectively, and re-estimate the model. These re-estimation results are also reported in Table 3 . As the table shows, the alternative estimates of β and γ are very similar to those of the baseline estimation.
The distance between model and data moments, £, is 0.809 for the baseline estimation.
With four degrees of freedom, the p-value (i.e. Hansen and Singleton (1982) and Attanasio and Low (2004) .
at 7.5% and 10% (instead of the baseline rate of 5%). The distance becomes 0.840 and 0.901, respectively. Thus the fit is slightly worsened when the borrowing rate is higher.
Importantly, in neither case do we reject the model at the 10% level. The estimated β and γ are close to those of the baseline estimation. When borrowing rate is higher, the estimated s is larger in absolute terms. Intuitively, a higher borrowing rate would encourage more reserves holdings, which is offset by the larger borrowing limit, thereby ensuring that the average reserves-to-GDP ratio from the model matches that in the data.
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Comparing the model moments (displayed in columns (2)- (6) of Table 2 ) to those in the data, it is of particular interest to note that the coefficients stemming from regressing the reserves-to-GDP ratio on oil output and productivity closely match those in the data. This is the case for both oil-rich and oil-poor countries. This is important as it illustrates that the structural model is able to capture the "true" partial effects of oil output and productivity on the reserves-to-GDP ratio.
Foreign Reserves and Oil Price Shocks
To further investigate the link between oil price shocks and foreign reserves conditional on productivity and oil output, we revisit the persistence of oil price shocks, as captured by the parameter ρ in Equation (17). The estimate for ρ is 0.730, as noted earlier, implying that it takes about 10 years for an oil price shock to completely phase out.
Due to the strength of persistence, when a positive oil price shock occurs, oil-poor countries turn to the use of foreign reserves to smooth consumption for a lengthy period of time.
Inevitably this entails accumulation of sufficiently sizable foreign reserves during times of low oil prices. Similarly, oil-rich countries accumulate sufficient reserves during times of relatively high oil prices in light of the persistence of oil price shocks. We demonstrate these optimization behaviors by examining policy functions regarding foreign reserves accumulation. In turn, we investigate the effectiveness of consumption smoothing by assessing the volatility of oil price, foreign reserves and consumption of countries.
To facilitate this part of our investigation we focus on the four possible oil endowment-22 With the larger (in absolute terms) estimates of s come large standard errors, because the borrowing limit is less likely to be reached when more borrowing is allowed.
productivity combinations: oil-poor and low productivity, oil-poor and high productivity, oil-rich and low productivity, and oil-rich and high productivity. As representatives of these four combinations, we consider the following oil output and productivity pairs: (1, 500),
(1, 1200), (30, 500) and (30, 1200), where oil output has a mean value of 6.82 barrel per person per year and productivity has a mean value of 895.4 across countries.
Policy Functions
The policy functions are depicted in Figure 1 . The solid lines represent the optimal levels of foreign reserves as a function of existing reserves given a certain oil price. The second row shows policy functions for oil-poor and high productivity countries. The overall pattern is quite similar to that of the first row, i.e. foreign reserves are maintained at relatively high levels when oil price is low thus allowing for their depletion when oil price is high. However, compared to the sub-figures in the first row, the steady state foreign reserves are now much higher (about 900 USD per capita) when oil price is low, and much lower (about -150 USD per capita) when oil price is high, consistent with the suggestion 23 The solid lines are kinked around the origin due to the difference in borrowing and lending rates. that precautionary motives are more pronounced for high productivity countries with low oil endowment.
Interestingly, policy functions for oil-rich countries, as shown in the last two rows, are markedly different. These policy functions pertain to mainly oil-exporters whose "bad" times occur when oil price is low. Therefore, these countries accumulate reserves when oil price is high, but deplete reserves (or borrow) when oil price is low. Comparing the third row with the fourth row, it is apparent that oil-rich countries with low productivity hold substantially more reserves than oil-rich countries with high productivity. This is consistent with a stronger reliance on oil-exports of the former. It is also noteworthy that when oil price is low, only oil-rich countries associated with low productivity reach the borrowing constraint (left sub-figure of the third row), i.e. the two lines would intersect only if more borrowing is allowed.
Volatilities
We also consider how oil price volatility translates into the volatilities of imports/exports, foreign reserves, final good production and consumption, respectively. To do so we simulate a time series of the oil price based on the oil price process described by Equation (17).
Incorporating this exogenous oil price series into the model we then simulate the time series of the endogenous variables for each of the four types of countries and, in turn, calculate the coefficient of variation (cv) for each variable of interest.
25 Table 4 reports the results. For each of the four country types, the cv of foreign reserves is significantly higher than that of the oil price, while the cv of consumption is much smaller.
This is an interesting finding as it is consistent with the presence of a strong buffer effect of foreign reserves against vis-a-vis oil price fluctuations.
25 Each time series encompasses 1000 periods. To ensure stationarity of the series, only the last 500 periods are used in the calculation of the coefficient of variation.
Explanatory Power of Oil Output and Productivity
In this section we assess the explanatory power of oil output and productivity with respect to foreign reserves. For this assessment we employ data spanning 112 countries over the period of [2003] [2004] [2005] [2006] [2007] [2008] [2009] [2010] [2011] [2012] [2013] , and obtain the time-series averages of their respective reserves-to-GDP ratios, oil output and productivity. 26 For each country, we then use the structural model to predict its reserves-to-GDP ratio and, in turn, compare the model-implied reserves-to-GDP ratio to the actual reserves-to-GDP ratio as per the data.
We measure the gap between model ratio and data ratio as follows:
i.e. the gap is defined as the the absolute value of the percentage deviation of the model ratio from the data ratio.
Tables 5-6 report the gap for each of the 112 countries. As the tables show, for some countries, such as Russia and Tanzania, the model ratio is almost identical to the data ratio, with the gap well below 0.05, while for other countries, such as Luxembourg and Ireland, the model ratio is far off with the gap exceeding 10.
The distribution of the 112 countries according to the gaps is reported in Table 7 . As the table shows, for about half of the countries the gap is less than 0.75. In fact, for 13.4%
of the countries the gap is less than 0.25. Thus, for these countries the explanatory power of oil endowment and productivity in regards to foreign reserves is particularly strong.
On the one hand, the gap metric lends credence to the suggestion that the explanatory power of oil endowment and productivity in regards to the reserves-to-GDP ratio for some countries is so pronounced that it is for these countries insufficient to rely on only traditional explanatory variables when analyzing foreign reserves. On the other hand, the results of the gap analysis also imply that oil endowment and productivity have only limited explanatory power for other countries, thereby raising the question of whether the reserves-to-GDP ratio is then for these countries well-explained by the traditional covariates included in the fixed effect regressions of Section 3.1.
26 Compared to the sample used in the panel regression, this sample has more countries but spans a shorter time period, thereby allowing for the inclusion of countries where data are only available in more recent years.
To address this question, we separate countries and observations into six groups ranked according to the gap metric given by Equation (18). Subsequently, we run the following residual regression for each one of the six groups of countries:
where the left side is the difference in the reserves-to-GDP ratio between the model and the data. The regressors, Z i,t , is same the set of covariates used in the fixed effect regressions as specified in Equation (15). Table 8 Evidently, oil endowment and productivity complement other covariates in explaining the cross-country variation in the reserves-to-GDP ratio. Table 9 reports the coefficients of the residual regressions. Moving from low gap groups to high gap groups, more coefficients become statistically significant, thereby illustrating the increasing importance of more conventional covariates. This further supports the suggestion that more conventional determinants of foreign reserves, such as trade-to-GDP ratio, capital openness and export volatility, are noticeably more important for countries where oil output and productivity have relatively lower explanatory power with respect to foreign reservesto-GDP ratio.
Conclusion
We attempt to contribute to the literature on foreign reserves by proposing a dynamic stochastic optimization model in which the price of oil is subject to random shocks and countries accumulate foreign reserves in order to smooth aggregate consumption against such shocks. Our model is estimated via the Simulated Method of Moments, facilitated by the partial effects of oil endowment and productivity on foreign reserves-to-GDP ratio for oil-rich and oil-poor countries, respectively. We obtain these partial effects from fixed effect regressions using panel data spanning 54 countries over the 1993-2013 time period and include in the regressions conventional explanatory variables for foreign reserves accumulation considered by previous studies.
Our results suggest that the simulated moments match the partial effects of productivity and oil endowment well. Furthermore, the model quantitatively matches the average foreign reserves-to-GDP ratio and the oil trade pattern observed in the data. Using the estimated model, we demonstrate how oil price shocks are absorbed by changes in foreign reserves which, in turn, lead to reduced variation in aggregate consumption.
Using the estimated model we evaluate the relative importance of precautionary demand for foreign reserves against oil price shocks for 112 countries. Further, we show how the explanatory power of productivity and oil endowment with respect to foreign reserves for several countries is so pronounced that for these countries it is insufficient to rely on conventional explanatory variables when analyzing foreign reserves. We also show that for countries where foreign reserves are not well explained by productivity and oil endowment, conventional variables such as trade-to-GDP ratio and capital openness are better predictors of foreign reserves.
Overall, our study is novel in suggesting that productivity and oil endowment are potentially important determinants of foreign reserves that for some countries should be considered as complements to conventional determinants. This table reports moments from the data and from five versions of the model. The baseline model estimate the borrowing limit s along with other parameters. The "Tight Credit" and "Loose
Credit" models set s = −0.40 and s = −0.80 respectively. Borrowing rate is set to r debt = 5% except in column (5)- (6) where the rate is stated in the header. and data moments which follows a χ 2 distribution with degrees of freedom given in the d.f. row. The "Tight Credit" and "Loose Credit" cases set s = −0.40 and s = −0.80 respectively, and estimate the remaining two parameters. This table reports coefficients of variation for four economies, representing the four pairs of (oil-poor, low productivity), (oil-poor, high productivity), (oil-rich, low productivity) and (oil-rich, high productivity), respectively. This table lists 112 countries with their oil production per capita per year, productivity and reserves-to-GDP ratio in the data (data ratios), along with the reserves-to-GDP ratio generated by the structural model (model ratios). The "Gap" metric measures the absolute value of the percentage deviation of the model ratio from the data ratio. This table summarizes the distribution of countries in terms of the gap which is defined as the absolute value of percentage deviation of the reserves-to-GDP ratio generated by the structural model (model ratio) from the data ratio. A larger gap implies lower explanatory power of oil production and productivity with respect to the reserves-to-GDP ratio. This table reports the R 2 and adjusted R 2 from the residual regressions where the difference in the reserves-to-GDP ratio between the model and the data is regressed on the set of variables used in the fixed effect regressions, excluding productivity and oil production. This table reports the coefficients and t-statistics from the residual regressions where the difference in the reserves-to-GDP ratio between the model and the data is regressed on the set of variables used in the fixed effect regressions, excluding productivity and oil production. Next we iterate the functional equation forward to obtain
i.e. V 1 also satisfies Equation (20). We can keep the above backward induction process until the value function converges. Thereby we conclude the value function always satisfies Equation (20).
In the above analysis, foreign reserves and consumption are always re-scaled by G A .
In other words, foreign reserves and consumption have the growth factor of G A . Using Equation (6), it is straightforward to see that the growth factor of GDP is also G A given that both productivity and oil price grow at the factor of G A .
. Using these detrended variables, the dynamic programming can be re-written as
Thereby we transform the non-stationary dynamic programming problem into a stationary one in which none of the state variable or control variable has a growing trend.
In the transformed problem, productivity is a constant over time. To compute the problem, for each pair of (Ã,x), we define a state space of (s,p) withs proxied by 300 grid points andp proxid by three states as shown in section 3.2.2, and iterate the value function on the state space until it converges. Given the converged value function, we compute the policy function on the (s,p) space for each pair of (Ã,x). Simulated data are generated using these policy functions. C Estimating Oil Share in Production (α) and Productivity (A)
B Data Description and Sources
We estimate the share of oil in production function and country-specific productivity based on the production y t = A t × x α t . Recall that A t is the comprehensive measure of how efficient a country is in converting natural resources into final good, and x t =x + x im t is the per capita natural resource consumed by a country in period t.
C.1 Estimating α
The production function can be rewritten as log y t = log A t + α × log(x t )
Denote g yt = y t y t−1
Then, log(g yt ) = log(g At ) + α × log(g xt )
In our model, volatility of the economy comes from random shocks to oil price, rather than from TFP shocks. Thus it is reasonable to assume that g At has no cyclical movement.
On the other hand, both g xt and g yt response to oil price shocks endogenously. Therefore, we can regress log(g yt ) on log(g xt ) to estimate α.
For each country, we use the growth rate of real GDP as a proxy for g yt , and the growth of oil consumption per capita as a proxy for g xt . Pooling data from all countries in the sample, we run Equation (22) and obtainα = 0.2369.
C.2 Estimating Productivity
Plugging this estimated α into (21) and re-arranging the equation, we have the following equation:
log(A t ) = log(y t ) − 0.2369 × log(x t )
Equation (23) is used to calculate country-specific A t . We use the annual oil consumption per person in terms of barrels for x t , and use GDP per capita in terms of US dollars in year 2006 for y t . 27 The estimated country-specific productivity is used to estimate Equation (15) and to obtain the partial effects of productivity on reserves-to-GDP ratio.
D Market return of foreign reserves
The market return is the opportunity cost of foreign reserves. According to COFER (Currency Composition of Official Foreign Exchange Reserves) data, US Dollar nominated assets consist of respectively 70% of the international reserves for developed country and developing countries hold somewhat fewer dollars. Gold is the main reserves for USA, Germany, Italy and France, but has limited share in the reserves of other country. In the period from 1981 to 2010, the related assets has following return: 1) US Treasury bond: CMT (Constant Maturity Treasury) index is the bench mark rate for US bonds and its return is 5.65% in this period. 2) Dollar deposit: according to Robert Shiller, the one-year deposit rate was 1.03%. 28 3) Dollar cash: the growth of CPI is 3.5%hence the return for hold dollar cash is -3.5%. 4) gold: according to Commodity Price Data and Statistics by World Bank, the yearly return of holding gold is 1.78%.
If a country holds its reserves among gold, US Treasury bond, dollar deposit and dollar cash evenly, the real return will be 1.2%. If gold, US Treasury bond, dollar deposit take 27 Correspondingly, average oil price used in the structural estimation is also in terms of 2006 US dollars.
28 Data available at http://www.econ.yale.edu/~shiller/data.htm 30%, dollar cash 10%, the return will be 2.18%. This table reports the probability distribution of countries in the two-by-two space of oil trading and oil production. Standard errors are reported in the parenthesis.
